The Laplace Transformation

Let f(t) be given and defined for t = 0,

Multiply f(t) by e "  and integrate with

respect to t from O to oo , is a function of S, Say

f(s)
f(s)= [ e st f(de Laplace.... (1)

Transform of f(t) = L (f)

The operation is called the Laplace transformation

f(t) = L7Y(F) = jnpverse trarisform or inverse
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Theorem: Let f(t) be a piecewisecontinuouson
every finiteinterval in the ranget >0, and
satisfies:

f(t)|<Me”" for all t>0
and for some constants y and M.
Thenthe Laplace forml, exists for s> y.




Proof :

£ ()] = Te—stf(t)dt
e™™| f (t)|dt

e 'Me”" dt

O‘—-aS O'*—-;S

M je‘(s‘”t dt=—"

S=Y)



Examples:

w=l If s>0
0 s

£ (1) = [1edt=- 1
0 S

- —(s—a)t
L(eat)zj‘eat e dt = ° ‘(O)O:_l If s—a>0
0 —(s—a) S—a

L(e—at): Teat e—stdt _ e—(S+a)t ‘OO - 1 If Cas O
0 —(s+a) ° s+a
1 1
L(cosh at) ==L(e®) +=L(e™ )
2 2
1, 1 1 S f
T )= If s>a

2 Ss—a s+a s -—a



L
(sin w
t) =

L Sz
(cos wt) )
_ S
y S+ W?
)
_Z
g3
L(
tn
) =
n+1 (
n
=12
] 13



L(t —
(t) o2
a
L(sinh at) ~
(sm a ) 52 _a2
£ (1 )= L
— — COS W
w* S(s* +w°)




Set a=iw

. 1 S+ iw
L(eat) — L(elwt) — : — - :
S — W S+ w
S . W
= + 1
S24w?2 S24w?2

But eW! = coswt + i sin wt
LeWt = L coswt + i Lsin wt
S w

= +i
s 4+ w2 s2 4+ w?
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£(f™) -
=STL(f) — s, — ST =TT .fo( !

(™) = L) = 5% fo = Sf' o — "

L(f) = s£(F) —



s+ 1
s24+s5s—6

Solution:

, find y(t)

Example: L(y) =

s+ 1 B s+ 1 B A N B
s24s5—6 (s—2)(s+3) s—2 s+3

_A(s+3)+B(s—2)

(s—2)(s+ 3)
s+1=A(s+3)+ B(s—2), setting s = 2,and then s = —3
nd A—3 d B—2
fin =z an =z
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1/ 3 2
L{y(t)}:5(5—2+5+3)

y(t) = (BeZt + 2e73H



Example: f(t) = sin’t, find L(f)

Solution:
f'(t) =2sint cost =sin2t , f(0) =0

2
L(sin 2t) = 2

+4°
L(f") = sL(f) — (o)
2
52+4=S['(f)_O
“ L) = s(s®+4)
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Example: find the particular solution of
y'—3y' +2y=12¢e7%t y(0)=2& y'(0) =6

Solution:

Ly" —3Ly' + 2Ly = 12Le %t
s?Ly —sfo—f' —3(sLy — f,) + 2Ly = 12Le™**

2Ly —s(2)—6—=3(sLy —2) + 2Ly = 12
sLy —s(2) (sLy —2) y 12

(2 — 35 + 2)Ly = 25 4 12 _252+4s+12
> > Y= s+2 s+ 2




2s% +4s + 12

2 B Dy =
(s"=3s+2)Ly s+ 2

252 4+ 4s + 12 252 4+ 4s + 12

Y T 3519612 GG DG+ 2)

A4 B C
_(S—Z)+(S—1)+(S+2)

7 6 1
_(5—2)_(5—1)+(s+2)

L y(t) = 7e*t —6et + e %t




Example: Solve;
y'+4y'"+3y=0 y(0)=3& y'(0)=1

Solution:

Ly" +4Ly" + 3Ly =0
s?Ly —sfo —f' +4(sLy — f,) + 3Ly =0
s?Ly —3s—1+4(sLy — 3) + 3Ly =0

(s?+4s+3)Ly=3s+1+12



3s +13 3s +13

Y =t 4513 G136+ D

B A N B
T s+3 s+1

—2+5
s+3 s+1

~y(t) = —2e 3t + 5e7t



Note:

If Lif(@);=F(s)

Then; L{e*f(t)}=F(s— a)
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Example: Solve;

Solution:

Ly" + 2Ly + 5Ly =0
s?Ly —sfo—f' +2(sLy — f,) + 5Ly =0
s?Y — 25+ 4 + 2(sY — 2) + 5Y =0 Y = L(y)

(s?+2s+5)Y = 2s



28 B 28
(s24+25s+5) (s+1)2+22

~Y(s)=L(y) =

_ s+1 2
ST (412422 (s+1)2 422

2
But; L£71 ( =cos2t & L1 (52 - 22) = sin 2t

s2 + 22)

~y(t) = L71(y) = e t(2 cos 2t — sin 2t)
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Inverse Laplace Transforms:

 LUf(0)} = F(s)
» f(&) = L7HF ()}

Example:

1
S — 2

L_l{s -|1- 2} et

£(€2t) —




L7IF(s) = f(t)

p—

Sn+1

S—da

Tikrit University-Civil engineering
Department Third Stage Eng. Anal.& Num.
Meth. Dr.Adnan Jayed Zedan



F(s) L7IF(s) = f(¢t)

1 sin at
s% + a“ z
S
1 g2 cos at
1 sinh at
D — a
S
cosh at




Examples:

(1) £t (s _IS_ 3> = G5e3¢t

_|_
_|_

s+ 1
(2) F(s) == find f(©

F(s) = e +
Y121

~ f(t) =cost +sint
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(3) F(s) =

Gizsz Jnd fO

Note: L{e*'f(t)}=F(s — a)
L7HF(s —a)} = e®f(t)

1

F(s) == a=—25
S

f®)=t

.. The resultis te %>t
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S+ 2

@) FO) =gy find f@
f(t) =e “tcost

(5) F(S)=(S_1)2_4 find f(t)
s—1+1 s—1 1

G—12—4 (5-12—4 (s—1)2—4

1
~ f(t) = e*cosh 2t + =e’sinh 2t
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